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Abstract
Starting from previous works concerning permanents of (0, 1)-circulant matrices with
three nonzero entries per row, and just using algebraic methods, we find some congruences
satisfied by the values of such permanents, along with simple generalizations to circulants
with k ones per row (k ∈ N, k  3). We also give an alternative proof for known relations of
Fibonacci numbers with some of these values of permanents.
© 2005 Elsevier Inc. All rights reserved.
AMS classification: 15A15; 65F50
Keywords: Sparse circulant matrix; Matrix permanent
1. Introduction
The importance of the class of (0, 1) circulant matrices with three ones per row is
due to the limit case that they represent in the computational complexity of calculus
of permanents (which for generic square matrices is a P -complete problem; see
[9,10]). In fact computing permanents of (0, 1) matrices (not necessarily circulant)
of dimension n with three ones per row (as well as permanents of (0, 1) circulant
matrices with at least four ones per row) is not essentially easier (see [4]) than
computing permanents of generic n-dimensional matrices, for which the best known
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algorithm [7] takes O(n2n) operations. Contrary to such cases, the permanents of
n-dimensional (0, 1) circulant matrices with three ones per row are computable in
linear time, in view of their expression (shown by Codenotti and Resta in [3]) as the
sum of four determinants of suitable sparse matrices.
It is then natural to investigate about characteristics concerning the values of the
permanents of such restricted class of matrices. Upper bounds (tight in most cases),
for the quantity of different values of permanents Per(M) of (0, 1) circulants M (of
fixed dimension n) with three ones per row, were first found in [1] for n prime, and a
generalization of such results (to the cases n power of a prime and n product of two
distinct primes) was successively given in [6].
In this paper, we concentrate on characteristics of the values taken by such class
of permanents, just from an algebraic viewpoint. First we prove that for n = ph (p
odd prime), for any n-dimensional circulant Mn with three ones per row the con-
gruence Per(Mn) ≡ 3 (mod p) is satisfied, while for n = 2ph we have Per(Mn) ≡
5 (mod p) unless in the first row each of 1’s has an even distance from the other 1’s
(in this latter case Per(Mn) ≡ 9 (mod p)). Generalizing a little the methods leading
to the above results, we also obtain Per(Mn) ≡ 1 (mod 8) for n = 2h  4, along
with congruences satisfied by Per(Mn) when n = 4ph (p  3) or n = 3ph (p any
prime). After this we briefly show simple extensions of some of the above results to
circulants with k ones per row (k ∈ N, k  3) having dimension ph or 2ph (p any
prime).
Finally, we give an alternative proof for a known formula (found in [2] and de-
ducible also from [5]) providing the value F(n+ 1)+ F(n− 1)+ 2 (where F(t)
denotes the t th Fibonacci number) for Per(Mn) when the 1’s of the first row of Mn
appear in three consecutive columns.
2. Preliminaries
Let n denote the set of all permutations of Zn (or, equivalently, of permutations








In the rest of the paper we assume n  3 and denote, respectively, by In the n×
n identity matrix and by Pn the n× n circulant (0, 1)-matrix with the only 1’s in
positions (n, 1) and (i, i + 1), i = 1, 2, . . . , n− 1.
In general, a circulant matrix with 3 non-zero entries per row can be expressed
as P in + P jn + Phn , where 0  i < j < h < n. Since Pn is also a permutation mat-
rix, we have Per
(
P in + P jn + Phn
) = Per(P−in
(
P in + P jn + Phn
)) = Per(In + P j−in +
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Ph−in
)
, and thus we can confine ourselves to the study of the values taken by Per
(
In +
P in + P jn
)
for 1  i < j < n.
We will denote with gcd(a, b) the greatest common divisor of a and b.
The following ‘reduction lemma’ (proved in [2]) and the proposition below (which
straightforwardly derives from [2,6]) can be useful for significant classes of circu-
lants.






In/d + P in/d + P jn/d
)]d
.
Proposition 1. Let A = In + P in + P jn , where at least one of the values gcd(n, i),
gcd(n, j), gcd(n, i − j) is equal to 1. Then for some k with 1 < k < n we have
Per(A) = Per(In + Pn + P kn
)
.
3. A particular subset of n related to A
Let us fix a matrix A of the form In + P in + P jn (with 1  i < j  n− 1). The
permanent of A is equal to the number of permutations π of the set Zn such that,
for each x ∈ Zn, π(x) ∈ {x, x + i, x + j} (mod n). After fixing any π ∈ n, we can
identify π with the function Tπ : Zn → Zn defined as follows:
Tπ(x) = π(x)− x, ∀x ∈ Zn.
It is clear that the permanent of A is equal to the number of permutations π for which
all values taken by Tπ lie in the set {0, i, j}.
Let E = Ei,j be the set of π ∈ n such that Tπ(Zn) ⊆ {0, i, j} (i.e., E is the set
of permutations corresponding to products of only 1’s in the expression of the per-
manent of A). We are going to study Ei,j in order to determine some characteristics
about its cardinality, which is equal to Per(A). Let us first define a relation ∼ on the
elements of Ei,j in the following way; for any π, π ′ ∈ Ei,j , we set
π ∼ π ′ ⇔ ∃a ∈ Zn : ∀x ∈ Zn, Tπ (x − a) = Tπ ′(x) (mod n).
In other words, two permutations π , π ′ lying in Ei,j are put in relation if and only if
the function of increments associated to π ′ can be obtained relabeling, by means of
an appropriate translation in Zn, the argument of the function of increments associ-
ated to π . It can be easily verified that ∼ is reflexive, symmetric and transitive, i.e.,
that it is an equivalence relation; the sets in the family E/∼ provide a partition of E.
We want to study the cardinality of such sets.
First let us fix any permutation π ∈ E, along with a generic a ∈ Zn; let Fa(π) :
Zn → Zn be the function defined as follows:
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(Fa(π))(x) = x + Tπ(x − a) (mod n), ∀x ∈ Zn; (1)
we claim that Fa(π) ∈ E. To prove this we first observe that, for each x ∈ Zn,
(Fa(π))(x)− x = Tπ(x − a) (mod n) ∈ {0, i, j} since π ∈ E; to deduce Fa(π) ∈
E it is then sufficient to verify that Fa(π) is a bijection; this latter fact follows from:
x /= y ⇒ x − a /= y − a
⇒ π(x − a) /= π(y − a)
⇒ x − a + Tπ(x − a) /= y − a + Tπ(y − a) (mod n)
⇒ x + Tπ(x − a) /= y + Tπ(y − a) (mod n)
⇒ (Fa(π))(x) /= (Fa(π))(y).
Thus Fa can be viewed as an application from E to E. If we fix a single permutation
π ∈ E, then for every π ′ ∈ E we have
π ∼ π ′ ⇔ ∃a : ∀x, Tπ (x − a) = Tπ ′(x) (mod n)
⇔ ∃a : ∀x, x + Tπ(x − a) = x + Tπ ′(x) (mod n)
⇔ ∃a : ∀x, (Fa(π))(x) = π ′(x).
This means that, for any fixed π ∈ E, the equivalence class (of E/∼) containing π
is the set {Fa(π), a ∈ Zn}; the validity of the following proposition is then proved.
Proposition 2. Let n ∈ N and A = In + P in + P jn be given, and let E = Ei,j be
defined as at the beginning of this section. Let F = {Iπ , π ∈ E}, where for each
fixed π we define Iπ .= {Fa(π), a ∈ Zn}. Then the sets of the family F represent a
partition of E.
After fixing A = In + P in + P jn , we analyze the partition of E given by F to ob-
tain some information on the cardinality of E. First we observe that any permutation
π ∈ E is clearly univocally determined by its increments, and then π(x) /= π ′(x)⇒
Tπ(x) /= Tπ ′(x): counting the elements of any subset J ofE is equivalent to counting
the functions of the form Tπ with π ∈ J .
Also, for any π ∈ E, using the equality TFa(π)(x) = Tπ(x − a) (mod n) (holding
for generic a, x ∈ Zn), we can write (for all a, b, x ∈ Zn)
TFa+b(π)(x) = Tπ(x − a − b) = TFb(π)(x − a) = T(Fa◦Fb)(π)(x) (mod n).
This implies Fa+b(π)(x) = (Fa ◦ Fb)(π)(x), and then Fa+b(π) = (Fa ◦ Fb)(π); in
the particular case b = −a, we obtain (Fa ◦ F−a)(π) = (F−a ◦ Fa)(π) = π ; from
all this the following proposition is derived.
Proposition 3. Let n ∈ N and A = In + P in + P jn be given, and let E = Ei,j be
defined as above. Then for any a ∈ Zn the application Fa : E → E (as described in
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(1)) is a bijection, whose inverse is F−a; for generic a, b ∈ Zn, we have Fa ◦ Fb =
Fa+b.
Proposition 3 is very useful in studying the cardinality of the sets of the form Iπ
with π ∈ E. After fixing π , we introduce the symbol d = d(π) denoting the period
of the function Tπ , i.e.,
d(π)
.= min {k ∈ N : Tπ(x + k) = Tπ(x) ∀x ∈ Zn
}
.
It is easy to check that, π being fixed, the number d(π) is a divisor of n and (for
generic k ∈ N)[
Tπ(x + k) = Tπ(x) ∀x ∈ Zn
] ⇔ d(π)|k. (2)
Proposition 4. Let A,E,F = {Iπ , π ∈ E} be given as in Proposition 2; fix any
π ∈ E. Then for generic a, b ∈ Zn, we have Fa(π) = Fb(π)⇔ a ≡ b (mod d(π));
consequently, |Iπ | = d(π).
Proof. The relation Fa(π) = Fb(π) is equivalent to Fa−b(π) = π , and then to
TFa−b(π) = Tπ , which means
Tπ(x − (a − b)) = Tπ(x) (mod n) ∀x ∈ Zn.
By (2), this fact is verified if and only if d(π) | (a − b), i.e., a ≡ b (mod d(π)). 
Proposition 5. Let A,E,F = {Iπ , π ∈ E} be given as in Proposition 2. Let t ∈
{0, i, j} be fixed; consider in E the permutation πt : Zn → Zn : x → x + t (i.e.,
in the expression of Per(A), πt corresponds to the product of all 1’s of P tn). Then
Iπt = {πt }.
Proof. The function Tπt has constant value t over the whole set Zn, which means
that d(πt ) = 1. From Proposition 4, it follows |Iπt | = 1, i.e., Iπt = {πt }. 
Since π0, πi, πj are the only permutations in E whose increment functions have
period 1, they are also the only elements of E corresponding to a singleton in F.
For n even, for generic A = In + P in + P jn it is not difficult to classify also the
permutations of E = Ei,j corresponding to a set of cardinality 2 in F. Indeed, let
π ∈ E be fixed such that d(π) = 2, i.e., the function Tπ has period 2. This means
that, for two fixed distinct constants a, b ∈ {0, i, j}, we have Tπ(x) = a for any odd
class x ∈ Zn and Tπ(x) = b for any even x ∈ Zn. We can then write π(x) = x + a
for x odd and π(x) = x + b for x even. Furthermore, the relation a ≡ b (mod 2)
must hold: otherwise, if for example a is odd and b is even, we obtain π(x) is even
for any x ∈ Zn, and then π(Zn) /= Zn, which is absurd since π is a bijection (a
similar contradiction is derived if a is even and b is odd).
Conversely it is easy to verify that, if we first choose two distinct a, b ∈ {0, i, j}
satisfying a ≡ b (mod 2) and then define π : Zn → Zn by setting π(x) = x + a for
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x odd and π(x) = x + b for x even, the function π obtained in this way is a permuta-
tion in E and d(π) = 2. Clearly in this case Iπ = {π, F1(π)}, where (F1(π))(x) =
x + b for x odd and (F1(π))(x) = x + a for x even. All this means that each set Iπ
of cardinality 2 in the family F corresponds exactly to a set {a, b} ⊂ {0, i, j} with
a /= b and a ≡ b (mod 2). We have thus proved what is asserted in the following
proposition.
Proposition 6. Fix an even n  4 and A = In + P in + P jn ; let E = Ei,j and F =
{Iπ , π ∈ E} be given as in Proposition 2; let s be the number of sets of cardinality 2
in the family F. If i, j are both even then s = 3, otherwise we have s = 1.
4. On the value Per(A) for particular dimensions of A
Let A = In + P in + P jn . Our aim in this section is to obtain some relations satis-
fied by the value Per(A) for particular classes of n’s. We first deduce the congruence
Per(A) ≡ 3 (mod p) for n = ph with p odd prime; then we obtain (according to
whether i, j are both even or not) Per(A) ≡ 9 or 5 (mod p) in the case n = 2ph (p
odd prime). After such result, we derive the congruence Per(A) ≡ 1 (mod 8) in the
case n = 2h  4, together with other congruences verified by Per(A), respectively,
in the cases n = 4ph (p  3) and n = 3ph (p any prime).
Proposition 7. If n = ph (p  3, p prime) and A = In + P in + P jn , then Per(A) ≡
3 (mod p).
Proof. Let E = Ei,j ,∼ andF be defined as in the previous section. We know that E
is partitioned by the sets of the family F = E/∼. From Proposition 5 the elements
π0, πi, πj of E correspond to three distinct singletons in F; any other element π
of E has d(π) /= 1 (from which p | d(π)) and thus corresponds (in F) to a set Iπ
whose cardinality (by Proposition 4) is a multiple of p. Summing the cardinalities
of all distinct sets of the partition F of E, we obtain Per(A) = |E| = 3 + tp for a
suitable t ∈ N; this completes the proof. 
Corollary 1. If n  3 is prime and A = In + P in + P jn , then Per(A) ≡ 3 (mod n).
In dealing with the case n = 2ph we need the properties, discussed in the previous
section, on the sets Iπ ’s of cardinality 1 or 2 in the family F related to A.
Proposition 8. Fix n = 2ph (with p odd prime) and A = In + P in + P jn . If i, j are
both even then Per(A) ≡ 9 (mod p), otherwise Per(A) ≡ 5 (mod p).
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Proof. Define E = Ei,j and F as in the previous section. The only sets Iπ ’s in F
such that p  | |Iπ | are those whose cardinality is 1 or 2. We know that there are ex-
actly three singletons in F, corresponding to the three permutations π0, πi, πj of E
having constant increment. From Proposition 6 if i, j are both even then the number
of sets Iπ in F with |Iπ | = 2 is 3. Thus for i, j even the number of permutations
π ∈ E with d(π) = 2 is 3 × 2 = 6, and the total number of π ∈ E such that p  | |Iπ |
is equal to 3 + 6 = 9; this means
Per(A) = |E| =
∑
Iπ∈F




and clearly Per(A) ≡ 9 (mod p).
If i, j are not both even, then (once more by Proposition 6) there is a unique set
Iπ of cardinality 2 in F, and the total number of π ∈ E for which p  | |Iπ | (i.e.,
|Iπ | = 1 or 2) is 3 + 2 = 5; it follows




and Per(A) ≡ 5 (mod p). 
Remark 1. The case i, j even of Proposition 8 can also be proved combining Lemma
1 and Proposition 7. If n = 2ph (p  3, p prime) and A = In + P 2i′n + P 2j
′
n (where
1  i′ < j ′  ph − 1), then Per(A) = [Per(Iph + P i′ph + P
j ′
ph
)]2 ≡ 32 ≡ 9 (mod p).
For n divisible by 4, also the set of permutations π ∈ E satisfying d(π) = 4 can
readily be classified (by means of methods similar to those used in analyzing the
π’s such that d(π) = 2). From its classification, the following proposition can be
derived.
Proposition 9. For n  4 such that 4 | n, fix A = In + P in + P jn ; let E = Ei,j and
F = {Iπ , π ∈ E} be given as in Proposition 2; let t be the number of sets of cardin-
ality 4 in the family F. Then


t = 18 if i ≡ j ≡ 0 (mod 4);
t = 4 if i, j are both even and not both multiples of 4;
t = 3 if i, j are not both even and two of the numbers 0, i, j
are congruent modulo 4;
t = 1 if 0, i, j are pairwise non-congruent modulo 4.
Corollary 2. When 4 | n, A = In + P in + P jn and E = Ei,j is the set of permuta-
tions related to A as defined in Section 3, then the number of elements π ∈ E such
that d(π) = 4 is
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• 72 if i ≡ j ≡ 0 (mod 4);
• 16 if i, j are both even and not both multiples of 4;
• 12 if i, j are not both even and two of the numbers 0, i, j are congruent modulo
4;
• 4 if 0, i, j are pairwise non-congruent modulo 4.
Now for any n and any A = In + P in + P jn , we know how many permutations
π ∈ E (E = Ei,j being defined as at the beginning of the previous section) exist sat-
isfying d(π) = a for a = 1, 2, 4. This allows us determining congruences satisfied
by Per(A), respectively, in the cases n = 2h  4 and n = 4ph (p odd prime).
Proposition 10. Let A = In + P in + P jn .
(a) If n = 2h  4, then Per(A) ≡ 1 (mod 8).
(b) If n = 4ph (p odd prime), then
• Per(A) ≡ 81 (mod p) if i ≡ j ≡ 0 (mod 4);
• Per(A) ≡ 25 (mod p) if i, j are both even and not both multiples of 4;
• Per(A) ≡ 17 (mod p) if i, j are not both even and two of the numbers 0, i, j
are congruent modulo 4;
• Per(A) ≡ 9 (mod p) if 0, i, j are pairwise non-congruent modulo 4.
Proof. First suppose just n ∈ N, 4 | n and consider E = Ei,j and F defined as in
Section 3. In F there are exactly three singletons and (according to whether i, j are
both even or not) three sets or one set of cardinality 2; the number of Iπ ’s in F
such that |Iπ | = 4 depends on i, j as described in Proposition 9. The sum s of the
cardinalities of the distinct sets Iπ ’s in F such that |Iπ | divides 4 is equal to
• 3 + 6 + 72 = 81 if i ≡ j ≡ 0 (mod 4);
• 3 + 6 + 16 = 25 if i, j are both even and not both multiples of 4;
• 3 + 2 + 12 = 17 if i, j are not both even and two of the numbers 0, i, j are
congruent modulo 4;
• 3 + 2 + 4 = 9 if 0, i, j are pairwise non-congruent modulo 4.
We can write
Per(A) = |E| =
∑
Iπ∈F
|Iπ | = s +
∑
Iπ∈F,4  | |Iπ |
|Iπ |.
When n = 2h  4 we have Per(A) = s +∑Iπ∈F,8||Iπ | |Iπ |; since s ≡ 1 (mod 8)
whatever the values of i and j , we deduce Per(A) ≡ 1 (mod 8).
When n = 4ph (p  3) we have Per(A) = s +∑Iπ∈F,p||Iπ | |Iπ |, implying
Per(A) ≡ s (mod p); taking the four possible values of s according to the four pos-
sible cases above for i and j , we complete the proof. 
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Remark 2. For n = 4ph (p  3), the results of Proposition 10 in the two cases i, j
are even can be obtained simply making use of Lemma 1 and Propositions 7 and
8. If A = In + P 4i′n + P 4j
′








+ P j ′
ph
)]4 ≡ 34 ≡ 81 (mod p). If A = In + P 2i′n + P 2j
′
n and i′, j ′ are not both
even, we can write Per(A) = [Per(I2ph + P i′2ph + P
j ′
2ph
)]2 ≡ 52 ≡ 25 (mod p).
Now, for a fixed A = In + P in + P jn , we want to determine congruences modulo
p for Per(A) in the case n = 3ph (p any prime).
First, assume just n ∈ N and 3 | n; let E = Ei,j and F related to A be defined
as in the previous section. One can derive a classification of the permutations π ∈ E
satisfying d(π) = 3 by simply employing methods like those in the cases n even (for
the π’s with d(π) = 2) and n divisible by 4 (for the π’s such that d(π) = 4). From
such classification, the following proposition follows.
Proposition 11. For n  3 such that 3 | n, fix A = In + P in + P jn ; let E = Ei,j and
F = {Iπ , π ∈ E} be given as in Proposition 2; let t be the number of sets of cardin-
ality 3 in the family F. Then


t = 8 if i ≡ j ≡ 0 (mod 3);
t = 2 if (i ≡ j ≡ 0) ∨ (i ≡ j ≡ 0) ∨ (j ≡ i ≡ 0) (mod 3);
t = 1 if 0, i, j are pairwise non-congruent modulo 3.
Corollary 3. When 3 | n, A = In + P in + P jn and E = Ei,j is the set of permuta-
tions related to A as defined in Section 3, then the number of elements π ∈ E such
that [d(π) = 1 or 3] is
• 3 + 8 × 3 = 27 if i ≡ j ≡ 0 (mod 3);
• 3 + 2 × 3 = 9 if (i ≡ j ≡ 0) ∨ (i ≡ j ≡ 0) ∨ (j ≡ i ≡ 0) (mod 3);
• 3 + 1 × 3 = 6 if 0, i, j are pairwise non-congruent modulo 3.
Applying Corollary 3 to the cases n = 3h and n = 3ph (p prime, p /= 3), the
following proposition is straightforwardly derived.
Proposition 12. Let A = In + P in + P jn .
(a) If n = 3h, then
• Per(A) ≡ 0 (mod 9) if (i ≡ 0) ∨ (j ≡ 0) ∨ (i ≡ j) (mod 3);
• Per(A) ≡ 6 (mod 9) if 0, i, j are pairwise non-congruent modulo 3.
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(b) If n = 3ph (p prime, p /= 3), then
• Per(A) ≡ 27 (mod p) if i ≡ j ≡ 0 (mod 3);
• Per(A) ≡ 9 (mod p) if (i ≡ j ≡ 0) ∨ (i ≡ j ≡ 0) ∨ (j ≡ i ≡ 0) (mod 3);
• Per(A) ≡ 6 (mod p) if 0, i, j are pairwise non-congruent modulo 3.
Remark 3. For n = 3ph (p /= 3), in the case i ≡ j ≡ 0 (mod 3) the result of Pro-
position 12 can also be obtained using Lemma 1 and Proposition 7. Indeed if n =
3ph and A = In + P 3i′n + P 3j
′
n (where 1  i′ < j ′  ph − 1), then Per(A) =[
Per
(
Iph + P i′ph + P
j ′
ph
)]3 ≡ 33 ≡ 27 (mod p).
Proceeding in analogous way for n = 3h, when 3 | gcd(i, j) we obtain a better
result with respect to Proposition 12, namely 27 | Per(A).
5. Generalization to circulants with k ones per row (k ∈ N, k  3)
The approach used in the previous sections for circulants with three non-zero
entries per row can also be applied to circulants with k ones per row, for generic
fixed k ∈ N, k  3. When [n = ph or 2ph] (p odd prime), it is not difficult to deduce
results including (for k = 3) those of Propositions 7 and 8. When n = 2h, the same
arguments lead to a weaker result than that of part (a) in Proposition 10.
For all such values of n, it is sufficient a natural and slight modification of the
arguments and of the proofs used in Sections 3 and 4; the congruences derived are
reported in the two propositions below.
Similarly to the particular case k = 3, we can confine ourselves to the study of
the values taken by Per
(
In + P i1n + · · · + P ik−1n
)
for 1  i1 < · · · < ik−1 < n.
Proposition 13. Fix k ∈ N, k  3. If n= ph  k (p odd prime) and A= In+P i1n +
· · · + P ik−1n , then Per(A) ≡ k (mod p); consequently, when n is prime we have
Per(A) ≡ k (mod n).
Proposition 14. Fix k ∈ N, k  3, and A = In + P i1n + · · · + P ik−1n ; let s =
|{it , 1  t  k − 1 : it is odd}|. If n = 2ph  k (p odd prime), then Per(A) ≡ k2 −
2s(k− s) (mod p). If n= 2h  k, then Per(A)≡ 1 (mod 4)when k is odd; Per(A)≡
2 (mod 4) when k is even and s is odd; Per(A) ≡ 0 (mod 4) when k and s are even.
6. The value Per
(
In + Pn + P2n
) (n ∈ N, n  3)
When A is a matrix of the form In + Pn + P 2n (n ∈ N, n  3), the value of
its permanent is given by the expression F(n+ 1)+ F(n− 1)+ 2 (F(t) denoting
the t th Fibonacci number), which can be deduced for n  5 by means of Minc’s
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recurrences [5] and was also obtained in [2] using the Laplace expansion for Per(A).
In this section we want to show a different proof for such result, involving only the
study of the set E ⊆ n related to A as defined in Section 3.
Definition 1. The Fibonacci numbers F(t), t ∈ N are defined recursively as follows:
F(1) = F(2) = 1,
F (t) = F(t − 1)+ F(t − 2), ∀t ∈ N, t  3.
For each fixed n ∈ N, n  3, we set An .= In + Pn + P 2n and write E(n) to in-
dicate the set E of permutations related to An. Two important values N(n) and
N ′(n) are involved in our proof. For each n, N(n) indicates the number of permuta-
tions π ∈ E(n) such that (π(1) /= 1) ∧ (π(n) /= 2), while N ′(n) is the number of
π ∈ E(n) such that (π(1) = 1) ∧ (∃x /= 1 : π(x) /= x).
After fixing n  3, we claim that the function π2 = π2(n) : Zn → Zn : x → x +
2 is the only permutation π ∈ E(n) for which (π(1) /= 1) ∧ (π(n) = 2). Indeed for
any π ∈ E(n), if π(1) /= 1 and π(n) = 2, from π(1) /= 1, 2 it follows π(1) = 3;
from π(2) /= 2, 3 it follows π(2) = 4; proceeding in this way we eventually obtain
π(x) = x + 2 ∀x ∈ Zn, i.e., π = π2. Recalling the definition of N(n) for n  3,
what we have just proved implies the following lemma.
Lemma 2. For any n ∈ N, n  3, the number of permutations π ∈ E(n) verifying
π(1) /= 1 is equal to N(n)+ 1.
Observing that the identical function over Zn lies in E(n) and recalling the defin-
ition of N ′(n), we obtain another useful lemma.
Lemma 3. For any n ∈ N, n  3, the number of permutations π ∈ E(n) such that
π(1) = 1 is equal to N ′(n)+ 1.
Since Per(An) = |E(n)| for any n  3, combining Lemmas 2 and 3 gives the
following proposition.
Proposition 15. Per(An) = N(n)+N ′(n)+ 2 for any n ∈ N, n  3.
Now it is sufficient to prove that N(n) = F(n+ 1) and N ′(n) = F(n− 1) for
every n  3.
Proposition 16. For any integer n  3, N(n) = F(n+ 1).
Proof. For generic n ∈ N, n  3, fix any arbitrary π ∈ E(n) for which π(1) /= 1
and π(n) /= 2. Since π(1) /= 1, in π there is a non-trivial cycle c starting from
1; for any element x of c we have π(x) /= x, and then [π(x) = (x + 1) or (x +
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2)]: furthermore, any non-trivial cycle of π must have length not smaller than n/2,
which implies (since π /= π2(n)) that π coincides with c. Utilising the condition
π(n) /= 2, we obtain that π is a cycle of the form (1, j1, . . . , jt ), where 2  j1  3,
n− 1  jt  n and 1  js+1 − js  2 for s = 1, . . . , t − 1. Thus each π ∈ E(n)
such that (π(1) /= 1) ∧ (π(n) /= 2) can be identified with a finite strictly increasing
sequence of the form (j0 = 1, j1, . . . , jt , jt+1 = n+ 1) ∈ Nt+2, in which [(js+1 −
js) = 1 or 2] for s = 0, 1, . . . , t . The integer N(n) introduced above is equal to the
number of the possible sequences of such form.
First consider the case n = 3. There are exactly three sequences of the form just
discussed, namely (1, 2, 4), (1, 3, 4), (1, 2, 3, 4) (they correspond, respectively, to
the cycles (1, 2), (1, 3), (1, 2, 3) of E(3) = 3). This means N(3) = 3 = F(4).
Now fix n = 4. The set of sequences of the form above is {(1, 3, 5), (1, 2, 3, 5),
(1, 2, 4, 5), (1, 3, 4, 5), (1, 2, 3, 4, 5)}, and thus N(4) = 5 = F(5).
For generic n  5, assume N(n− 2) = F(n− 1) and N(n− 1) = F(n). Each
π ∈ E(n) such that (π(1) /= 1) ∧ (π(n) /= 2) is identified with a sequence either of
the form (1, 2, j2, . . . , n+ 1) or of the form (1, 3, j2, . . . , n+ 1). But a sequence
like (1, 2, j2, . . . , n+ 1) can be associated to (2, j2, . . . , n+ 1), which (subtracting
1 from all terms) corresponds exactly to a sequence (1, j2 − 1, . . . , n), in which the
difference between any two consecutive terms is always 1 or 2. Since N(n− 1) is the
number of possible sequences in this latter form, we finally obtain that the number
of sequences like (1, 2, j2, . . . , n+ 1) is exactly N(n− 1). Proceeding analogously,
one can deduce that the number of sequences like (1, 3, j2, . . . , n+ 1) is N(n− 2).
Thus the number N(n) of possible sequences like (1, j1, . . . , n+ 1) is N(n− 1)+
N(n− 2) = F(n)+ F(n− 1) = F(n+ 1). This completes our proof by induction
over n. 
Proposition 17. For any integer n  3, N ′(n) = F(n− 1).
Proof. First consider the cases n = 3 and n = 4: from the definition of N ′(n) it
easily follows N ′(3) = 1 = F(2) and N ′(4) = 2 = F(3).
For generic n  5, fix any π ∈ E(n) such that (π(1) = 1) ∧ (∃x /= 1 : π(x) /=
x). We claim π(n) = 2: otherwise, the condition π(1) = 1 would imply π(n) = n,
and from π(1) = 1, π(n) = n it would follow π(n− 1) = n− 1; proceeding in this
way one would obtain π is the identical function over Zn, contrary to the assumption.
From π(1) = 1 and π(n) = 2 (implying π(2) /= 2), similarly to the proof of Propos-
ition 16, let us identify π with an increasing sequence (2, j1, . . . , jt = n, n+ 2)
in which the difference between any two consecutive terms is either 1 or 2; delet-
ing the last term, such sequence corresponds to (2, j1, . . . , n), which (subtracting
1 from all terms) can be identified with (1, j1 − 1, . . . , n− 1); we can obtain (re-
placing n with n− 2 in the process at the beginning of the proof of Proposition
16) that the number of sequences of the latter form is N(n− 2). All this means
N ′(n) = N(n− 2) = (by Proposition 16)F(n− 1) for any n  5, and the proof is
completed. 
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Using Propositions 15–17 we finally obtain Per(An) = F(n+ 1)+ F(n− 1)+
2.
7. Conclusions and further work
In this paper we have proved congruences which must be satisfied by the values
Per(In + P in + P jn ) (where 1  i < j  n− 1) for n ranging in a significant class
of positive integers. All results obtained are consistent with the values which we
deduced experimentally (for n  121) using the methods of [3].
For particular classes of circulant matrices, actually experimental results show
regularities on the values of permanents, which suggest the validity of stronger res-
ults than those proved in our work; such regularities enable us to formulate the
following conjectures.
Conjecture 1. Fix n = 2h  4 and let A = In + P in + P jn . Then Per(A) ≡
1 (mod 2n).
Conjecture 2. Fix n ∈ N, n prime, n /= 2, 3, 7; let A = In + P in + P jn . Then
Per(A) ≡ 3 (mod 2n).
It is conceivable to think that such conjectures (as well as other results providing
stronger informations on permanents of circulants than those given in this work)
can be proved by means of a deeper investigation of the set E of permutations (as
defined in Section 3) related to a circulant A. Such an investigation might require a
quite different approach from the one just algebraic that we used. We think at least
a possible alternative way is worth investigating: some significant information (on
the values of permanents of circulants) might derive from the known relations (see
[1,2,3]) between the permanent of a circulant A and properties of two associated
graphs D(A) and G[A] (which in [6] were used just to study the number of possible
different values that Per(A) can take when the dimension of A is fixed). In such
kind of approach the methods and results provided by Tesler in [8] may be a very
important support.
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